I study theoretically the gapless phase of realistic doped quasi one dimensional Haldane gap systems. I propose a phase diagram in the (doping, interchain coupling) plane showing a transition between two phases in the relevant temperature range: (i) A Néel ordered phase at small doping and large interchain couplings; and (ii) A gapless Haldane phase at large doping and small interchain couplings. This phase diagram is in agreement with the known behavior of Nickel oxides. In the models with a quantum disordered phase, I show the existence of a transition between two gapless Haldane phases, followed a reentrant antiferromagnetic phase at very low temperatures. I further analyze the models having a quantum disordered phase and arrive to an agreement with experiments with two approaches: (i) a quantum model with only two spins (ii) a cluster RG of the full chain. Finally, I solve the classical disordered model and show that it contains already a relevant physics.
One dimensional (1D) antiferromagnetic (AF) spin systems with disorder have become a subject of wide interest in recent years. For instance, random bonds in a spin-1/2 Heisenberg chain leads to the formation of a random singlet ground state [1] . This model is the effective theory of doping a single dimerized chain with non magnetic impurities [2, 3] . Introducing random bonds in other spin gap systems can lead to the formation of a "weakly ordered" magnet in which the correlations remain short ranged while the susceptibility and the density of states acquire a power-law divergence at low temperature. This occurs for instance in the Ising chain in a transverse magnetic field [4] , in the dimerized chain with random bonds [5] , and in the Haldane gap chain [6, 7, 8] , in which case we use the terminology "gapless Haldane phase", or equivalently "quantum disordered phase". All these models have the common feature that they can be described in terms of a real space renormalization group (RG) on the basis of a perturbative expansion in the inverse of the strongest coupling. The RG becomes more and more accurate at low energy because the exchange distribution becomes very broad. The ground state corresponds to the formation of randomly distributed singlets with short ranged or algebraic correlations, depending on the model. The random singlet has algebraic correlations [1] , the gapless Haldane phase has short ranged correlations below a critical disorder [6, 7] .
An important question is to understand to what extend such a disordered quantum ground state can control the physics of realistic systems in which (i) interchain interactions are finite; (ii) the temperature is finite; and (iii) disorder is not introduced in the form of random bonds, but in the form of substitutions of magnetic sites. In a recent work, I have answered this question in the context of doped spin-Peierls systems and shown that much of the physics could be interpreted in terms of a lack of quantum protection [9, 10] of the disordered quantum ground state [11] . Here, I show that the very identical question asked in the context of doped spin-1 compounds leads to a more subtle answer. We can successfully compare the present approach to recent experiments in two type of Nickel oxides: (i) the PbNi 2 V 2 O 8 compound where an antiferromagnetic transition has been found experimentally [12] , and (ii) the Y 2 BaNiO 5 compound where a power law susceptibility has been reported [13] , with no sign of ordering down to extremely low temperatures [14] . It may come as a surprise that such similar systems can show such antagonist behaviors, and, at least, one would like to have an explanation which I give here. I consider a model of doped Haldane gap system and show the existence of a transition between two phases, at least in a temperature range relevant to experiments:
• A 3D Néel ordered phase for large interchain couplings and weak doping. This class of systems includes the Haldane gap compound PbNi 2 V 2 O 8 [12] and the spin-Peierls system CuGeO 3 for which it is known that antiferromagnetism arises with an arbitrary small doping concentration [15] . I will not focuss here on this class of systems since I already addressed their properties in a previous work [11] .
• A gapless Haldane phase for small interchain couplings and large doping. For these systems, as the temperature is lowered, I find a cross-over from a high temperature paramagnet to a 1D quantum disordered phase in which the physics is dominated by the formation of random singlets. I provide here a detailed investigation of these systems in order to elaborate a theory for the recent experiments in Nickel oxides [12, 13, 14] .
A relevant question is to determine what kind of 3D ground state is associated to the quantum disordered phase. Payen et al. proposed that the ground state is a 2D or 3D random singlet state [13] . I show here on the contrary that the genuine ground state is antiferromagnetic. Next, I
analyze in more details the quantum disordered behavior and propose a model with two spins only, which comes in a quite noticeable agreement with experiments. This agreement is further confirmed by analyzing the cluster RG of a chain with many spins, which allows to discuss the existence of a transition between a gapless Haldane phase I and a gapless Haldane phase II at lower temperatures. In the models with a quantum disordered ground state (b), J ⊥ is far below J typ , which occurs in Y 2 BaNiO 5 . In this case, the classical paramagnet has a cross-over to a 1D quantum disordered state with formation of random singlets. Below J ⊥ , singlets are formed among spins belonging to different chains. Below J ′ Stoner , there is a transition to a reentrant antiferromagnetic phase. In PbNi 2 V 2 O 8 , the relevant parameters are ∆ ≃ 29.4 K, x ≃ 0.02, J ⊥ ≃ 1.1 K. We use the correlation length ξ ≃ 6 for a Haldane gap phase [19, 20] . The true correlation length is expected to be larger than this value because PbNi 2 V 2 O 8 is close to a transition to an Ising ordered antiferromagnet [12, 21] . I find J av = 3.5 K, J Stoner = 0.13 K, J typ = 6 mK, and therefore the model has a transition to a 3D Néel state at the energy scale J Stoner (see Fig. 2 ), in agreement with experiments [12] .
The existence of two classes of models can be best summarized by calculating the ratio
The first of these ratio is larger than unity, indicating that correlations inside the chains are present before any other transition. The second ratio can be smaller or larger than unity, controlling whether the model has a Néel transition at J Stoner or is controlled by a quantum disordered regime. These two [22] . Here, I argue on the opposite that the answer to the question is no:
the genuine ground state is antiferromagnetic. This can be seen by noticing that below the energy scale J typ , the staggered susceptibility scales like χ(T ) ∼ xT α−1 /J α typ , where we used the fact that only the free magnetic moments with a density of state n(E) = x(E/J typ ) α contribute to a Curie term to the susceptibility [6, 7] . Therefore, below J typ , part of the effective spins have been frozen into singlets while the remaining moments are free. A Stoner criterium leads to an ordering of these free moments below the finite temperature J ′ Stoner :
. This shows that the quantum disordered model transits to a reentrant antiferromagnetic ground state below the energy scale J ′ Stoner . In the language of the cluster RG, this means that a finite sublattice magnetization is generated below J ′ Stoner .
Two spin model
Now, I consider the situation where the impurities are assumed to cut the chain into finite segments:
This is a valid model if the temperature is larger than J 2 , or equivalently, than the strength of interchain interactions. Consider two edge spins at distance l, coupled with a Heisenberg Hamiltonian
, and the exchange J(l) = ∆(−) l exp (−l/ξ), with P(l + ) = x exp (−xl + ) the distribution of even length segments and P(l − ) = x exp (−xl − ) the distribution of odd length segments. It is easy to calculate the average magnetization in a magnetic field h:
with P(|J|) = (xξ/∆)(|J|/∆) −1+xξ the exchange distribution, and the magnetization of the spins coupled by an antiferromagnetic or ferromagnetic exchange J at a finite temperature T = 1/β. To calculate the magnetization Eqs. 1, 2, it is convenient to integrate by parts:
with A = 1 2 e βh − e −βh e βh + e −βh + 1 + e ∆/T + e βh − e −βh e βh + e −βh + 1 + e −∆/T (4)
d du e βh − e −βh e βh + e −βh + 1 + e u + e βh − e −βh e βh + e −βh + 1 + e −u .
The resulting susceptibility is shown on Fig. 4 , where it is visible that the product T χ(T ) ∼ T α has a power-law behavior at low temperature, like what has been observed in the experiments on Y 2 BaNiO 5 [13] . The magnetization is shown on Fig. 5 , and, again, is close to the experimental observation [13] . This shows that this model with only two spins contains much of the physics as far as the temperature is above the interchain coupling J ⊥ . At this stage, the relevance of the model used 
Cluster RG
Now I consider the cluster RG of the model with a finite J 2 . I refer the reader to Refs [23, 24, 25, 26] for an explanation of the method, and just present here the results. First, if the temperature is above J 2 , I find that the exponent of the power-law Curie constant T χ(T ) ∼ T α is identical to the one of the two-spin model (see Fig 4) . This is not a surprise because above J 2 the edge moments in the same unit are uncoupled and the cluster RG contains the same physics as the two-spin model. Moreover, Once the freezing into spin-1 units has been done at the energy scale J 2 , the resulting effective model is again the one of spin-1 objects with random exchanges, being ferromagnetic or antiferromagnetic. This results in the gapless Haldane phase II on Fig. 6 , with exactly the same power-law in T χ(T ) as in the gapless Haldane gap phase I. The reason why we make a distinction between these two phases is that we do not see any means to go continuously from phase I into phase II without avoiding the intermediate stage of pairing the two spin-1/2 moment in the same unit into spin-1 objects at a temperature ∼ J 2 . Therefore, the phases I and II are genuine different phases.
In the presence of interchain interactions, it occurs that the gapless Haldane phase II of the 1D model becomes a 3D quantum disordered phase in which singlets are formed between neighboring chains. It is then expected that the properties of this 3D quantum disordered phase are not identical to the one of the gapless Haldane phase I, with a possible renormalization of α. The 3D quantum disordered phase would ultimately transit to an antiferromagnetic ground state below the temperature
Stoner which we already discussed in section 2.
Classical disordered model
Now, I address the behavior of the classical disordered magnet. I consider the Ising chain Hamiltonian
with σ i the consecutive edge moments, and J i,i+1 determined according to the rules on Fig. 1 .
The even sites have a ferromagnetic exchange −J 2 and the odd sites have an exchange J(l) = ∆(−) l exp [−l/ξ], with the spacing l drawn in the Poisson distribution P (l) = x exp (−xl). I consider a finite chain with N edge moments in which the end spin at site N is frozen in the direction +, and note P + N (M ) the corresponding magnetization distribution. I note x i = exp (βJ i )/[exp (βJ i ) + exp (−βJ i )] the probability to find the spins σ i and σ i+1 in an antiparallel alignment. We have
Using the relation P
These relations can be solved analytically. For this purpose, I separate the even bonds coupled by the ferromagnetic exchange −J 2 and note x F = e −βJ 2 /[e βJ 2 + e −βJ 2 ]. The odd bonds are ferromagnetic or antiferromagnetic and we are lead to define
The magnetization of a chain with an even number of sites N = 2p is found to be
with X = (1 − 2x F )(1 − 2y). The correlation length is ξ T = −2/ ln X. With an odd number of sites N = 2p + 1, the magnetization is
The expressions of the first moment Eqs. 9, 10 are next used to solve for the second moment:
to leading order in the chain length 2p. At high temperature, one has y ∼ 1/2, x F ∼ 1/2 and X ∼ 0, and therefore a susceptibility scaling like χ ∼ 2x/T . At low temperature, one has x F ∼ 0, y ∼ 1/2 and X ∼ 0, and a susceptibility scaling like χ ∼ 4x/T . Therefore, the Curie constant crosses over from the high temperature value 2x to 4x at low temperature, because the spin-1/2 moments in the same unit are frozen ferromagnetically at a temperature T ∼ J 2 (see Fig. 7 ). This model would predict that the product T χ(T ) would increase monotonically with a decreasing temperature, while the opposite is observed experimentally in Y 2 BaNiO 5 [13] . This is not a surprise because the classical model cannot describe the gapless Haldane phases. Nevertheless, the increase in the susceptibility - This is because the freezing of the edge moments of the same unit in a ferromagnetic alignment occurs both in the classical and quantum models.
The scaling function of the magnetization can be calculated easily by iterating numerically the magnetization distribution Eq. 6 and using the relation
to obtain the magnetization distribution in a finite magnetic field. The magnetization takes the form
given temperature range where the susceptibility can be approximated
The scaling function is shown on Fig. 8 , where it is visible that it has qualitatively the correct behavior in spite of the exponent γ having the wrong sign compared to experiments.
Therefore, the shape of the scaling function of the magnetization does not appear to be a crucial test to the model.
Conclusions
To conclude, I have analyzed the mechanism by which a gapless phase can be generated in a realistic Haldane phase II. In the presence of interchain interactions, the phase II is 3D quantum disordered. I also found a transition to a reentrant Néel phase at low temperature. Therefore, antiferromagnetism appears to be the ultimate ground state of these models.
Finally, it seems that we have reached a point where a lot of experimental properties of doped spin gap systems can be understood theoretically. For instance, we refer the reader to Refs. [2, 3, 11, 23, 27] for the problem of doping a spin-Peierls system. The present work elaborates the theory of doped spin-1 systems, where we found a behavior somewhat richer than in the doped spin-Peierls systems.
